Ferroelectric nanostructures are important for a variety of applications in electronic and electro-optical devices, including nonvolatile memories and thin-film capacitors. These applications involve stability and switching of polarization using external stimuli, such as electric fields. We present a theoretical model describing how the shape of a nanoparticle affects its polarization in the absence of screening charges, and quantify the electron-optical phase shift for detecting ferroelectric signals with phase-sensitive techniques in a transmission electron microscope. We provide an example phase shift computation for a uniformly polarized prolate ellipsoid with varying aspect ratio in the absence of screening charges.
I. INTRODUCTION
Ferroelectric nanostructures are fundamental components of modern electronic devices, such as ferroelectric random access memory [1] and ferroelectric field effect transistors [2] . These applications are based on the manipulation and control, through the use of electric fields, of the direction of the polarization in the ferroelectric material. The process of polarization switching involves the formation and growth of domains within the ferroelectric. To fully understand this switching process, it is necessary to study domain behavior, both static and dynamic, for example by obtaining quantitative maps of nanoscale electric fields associated with the polarization. A lot of progress has been made toward understanding nanoscale effects on ferromagnetic properties, however the formalism for describing finite size and shape effects on ferroelectric properties is less developed. There are various reports in the literature describing complete suppression of ferroelectric behavior at nanoscale sizes as well as unusual phase transitions in nanodisks [3] [4] [5] . An in-depth understanding can be obtained by observing simultaneously the polarization, shape, and size of the nanostructures. Such studies will not only provide insights into the fundamental ferroelectric behavior but may also facilitate the design of new devices and technology.
The transmission electron microscope (TEM) has been used frequently to study ferroelectric materials and ferroelectric domains. Pfister et al. [6] and Tanaka et al. [7] performed some of the earliest TEM studies on ferroelectrics; they were able to show the existence of ferroelectric domain boundaries by looking at the microstructure of the ferroelectric material. Since then, there have been numerous studies of such domain boundaries. In the majority of cases, the analysis involves interpretation of dynamical diffraction image contrast due to the lattice mismatch across a domain boundary or electron diffraction patterns from overlapping neighboring domains. Recent work made use of convergent beam electron diffraction to determine the polarity of ferroelectric domains [8] . However, these studies are qualitative and do not provide * cd@anl.gov direct quantitative information about, or images of, the polarization state of the ferroelectric. Recently, high resolution aberration-corrected TEMs have been employed to infer the ferroelectric polarization in PZT thin films by measuring atomic displacements and deviations from centrosymmetry at the unit cell level [9] , or strain measurement using geometric phase analysis (GPA) [10] rather than by capturing the electric field that arises from polarization charges.
In a TEM experiment, the high energy electrons experience a phase shift due to the presence of electric and/or magnetic fields in and around the sample; thus, a polarized ferroelectric material with internal interfaces (e.g., between differentlyoriented domains) generating boundary polarization charges is expected to induce a phase shift in the electron wave. Zhang et al. [11] used electron holography to recover the phase shift from ferroelectric materials and relate it to the polarization. However, their theoretical description and interpretation was not entirely correct, as Spence et al. [12] showed that the electrons are only sensitive to the polarization component perpendicular to the direction of propagation of the electrons. Lichte et al. [13, 14] subsequently presented a basic framework for the investigation of ferroelectric domains using electron holography. Schofield et al. [15] performed holography experiments on BaTiO 3 to map out the electric fields. Szwarcman et al. [16] have also performed measurements of the phase shift from BaTiO 3 nanoparticles to correlate it with the local ferroelectric polarization. Recent work has showed that using the differential phase contrast technique, it is possible to map mesoscopic as well as atomic level electric fields in BaTiO 3 [17] . However, a clear theoretical relationship between the polarization state and the resulting electron phase shift is still lacking, making it difficult to interpret the phase contrast images and also hindering the design of suitable experiments to successfully map the field distribution.
In this paper, we present a theoretical model relating the phase shift of the electrons passing through a ferroelectric nanoparticle to its polarization charge density. We present a method to determine the spontaneous polarization of such ferroelectric nanoparticles. Then we analyze the effect of the shape and size on the expected value of the phase shift, and we present simulation results comparing the electron phase shift directly with the polarization charge of the nanoparticle.
II. THEORETICAL MODEL
The phase shift of an electron wave interacting with a nonmagnetic sample in a TEM is proportional to the electrostatic potential within and around it, projected along the beam direction, according to the standard expression
where the electrons travel along the z axis, and C E is a constant equal to 6.53 × 10 6 V −1 m −1 at an accelerating voltage of 300 kV. In general, there are several contributions to this potential: (i) the mean-inner potential V 0 which for nonhomogeneous samples may be a function of position and includes effects such as density or compositional changes, (ii) the potential of the electric field generated by polarization charges, (iii) net external charges originating from a variety of sources (primarily: emission of secondary electrons) together with their induced charges for neutrality, often present at the surface of an object, or at the surface of a conducting support, or, lacking everything else, somewhere on the closest grounded metallic element (TEM grid, or sample holder, or microscope column), (iv) ohmic potentials if currents are flowing, (v) band-bending effects at interfaces, with the associated charge transfer, and so forth. Our purpose is to isolate the ferroelectric phase shift of the nanoparticle and compare its magnitude with the only other potential which is always present: the mean-inner potential. Thus, we assume that no other electric field sources are present, other than the atoms and the polarization charges, so that the total phase shift can be written as (2) where t p (x,y) is the projected thickness at position (x,y), and V F E is the potential of the electric field due to the ferroelectric polarization P(r) of the nanoparticle. Nominally, the spontaneous polarization of the ferroelectric will be screened by the mobile charges within the material and/or adsorbed on the surface, to compensate for the strong depolarizing field generated by the polarization charges. In order for the nanoparticle to retain some degree of polarization, it is necessary for some relief mechanism to lower the electrostatic energy by partially compensating the depolarizing field; such mechanisms include embedding the nanoparticle in a dielectric matrix, compensating the charge through external electrodes, and elongating the particle along the polarization axis. In this paper, we will specifically consider the case of compensation of the depolarizing field due to the shape of the nanoparticle. We will compute the resulting potential from the polarization and use this potential to compute the electron phase shift. We will then analyze the variation of the observable phase shift as a function of various shape parameters.
The potential due to the ferroelectric polarization P(r) can be written as
where r and r are position vectors. Using Fourier transforms, the potential distribution can be expressed as
where k is a Fourier space vector. For a uniformly polarized nanoparticle, the polarization can be written using the shape (or characteristic) function as P(r) = P D(r)p, where P is the magnitude of the polarization,p ≡ [p x ,p y ,p z ] represents a unit vector in the direction of the polarization, and D(r) is the shape function, which equals 1 inside the nanoparticle and 0 outside. This equation can be written in Fourier space as
Substituting this in Eq. (4), we obtain
The resulting electric field (E = −∇V F E ) can be written in Fourier space as
It should be noted here that P differs from the spontaneous polarization of the bulk ferroelectric. This polarization value will depend on the depolarizing field and the resulting self energy of the nanoparticle. The self-energy density of the polarized nanoparticle can be written as
where V is the particle volume.
In the Ginzburg-Landau framework [18] , the double-well potential with free energy density The value of the bulk spontaneous polarization P s is determined by finding the location of the energy minimum
which results in a nonvanishing value only if A > 0. For bulk BTO, we have P s = 0.258 C/m 2 . Next, we include the self-depolarizing energy density of the nanoparticle given by Eq. (7) which modifies the free energy density as
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It should be noted that A d can be related to the depolarizing factor of the nanoparticle. We minimize this equation with respect to P to determine the conditions for shape effects to be sufficient to compensate for the depolarizing field and maintain a spontaneous polarization P np in the nanoparticle. This value of P np is given by
Once P np is determined, we can compute the potential due to the polarization and the expected electron phase shift using Eqs. (3) and (2), respectively. Using the Fourier space representation, we can write the phase shift due to the ferroelectric charge density as
An inverse Fourier transform then produces the phase shift, ϕ F E (x,y), in real space.
III. POLARIZATION AND PHASE SHIFT OF ELLIPSOIDAL NANOPARTICLES
An elongated particle shape helps to reduce the effect of the depolarizing field. To quantify this elongation effect, we consider a uniformly polarized triaxial ellipsoid, described by three semi-axes a,b,c with c > b > a and the parametric equations
z = r cos θ.
The shape function for such an ellipsoid can be determined in Fourier space as [19] 
where j 1 (q) is a spherical Bessel function and
If the polarization axis of the nanoparticle is along the longest semi-axis, i.e., along the z axis, then we havep =ẑ. The spontaneous polarization of the particle can be computed using Eq. (12) . Substituting the equation for the shape function, we determine A d as
The depolarizing factor of an ellipsoid is given by [19, 20] 
Hence, the depolarizing energy coefficient A d can be expressed in terms of the depolarizing factor N z as A d = N z (τ a ,τ b )/ 0 , and N z is given by
where
, τ a = c/a, τ b = c/b, and F (k,m) and E(k,m) are incomplete elliptic integrals [21] . Next, we determine the conditions with respect to the ellipsoid aspect ratios under which the nanoparticle can sustain a spontaneous polarization and determine the value of the polarization. Figure 1(a) shows a 2D plot of the region where the spontaneous polarization of the nanoparticle, P el , has a real solution as a function of τ a and τ b . The contours in the plot indicate the value of P el for bulk BTO. It can be seen that there is no real solution for P el for values of τ a 38 and τ b 38. Similarly, the upper bound for the region is given by τ a = τ b , which is the case of a spheroid with a = b. Figure 1 ratio increases, P el approaches 0.25 C/m 2 asymptotically. Now that we have determined the aspect ratio dependence of the spontaneous polarization in a triaxial ellipsoid, we can compute the expected electron phase shift due to the ferroelectric polarization charge density using Eq. (13) .
To simplify the computation of the phase shift for a triaxial ellipsoid, we can assume without loss of generality that the ellipsoid is oriented such that the longest semi-axis is along the y direction. Thus we have the polarization of the ellipsoid given byp =ŷ. Then by redefining the parametric equations for the ellipsoid and substituting for the shape function, the phase shift can be written as
where Figure 2 (a) shows a projection of a spheroid with long semiaxis c = 200 nm, and a = b = 5 nm, resulting in an aspect ratio of τ = 40. Using the previous results, the spontaneous polarization of such a spheroid can be determined to be P el = 0.10 C/m 2 . Figure 2(b) shows the total phase shift due to the polarized ellipsoid. The phase shift due to the mean inner potential (MIP) was determined by assuming V 0 = 20 V for BaTiO 3 . For such an ellipsoid, the effect of the polarization charge density on the electron phase shift is clearly visible. Figure 2 (c) shows a plot of the ferroelectric component of the phase shift along the long axis through the center of the ellipsoid. It can be seen that the maximum magnitude of the phase shift due to the polarization (|ϕ max |) was calculated to be 2.4 radians. Due to the high aspect ratio of the spheroid, the phase shift is equivalent to that of an elongated dipole with the corrected value of polarization.
Furthermore, the gradient of the ferroelectric phase shift can be computed numerically, which then represents the thickness integrated electric field map. This is shown as a vector field map in Fig. 3(a) . Here it should be noted that the gradient computed from the phase shift shows the direction of the electric field and not the polarization itself. Figure 3 maximum magnitude of the phase shift (|ϕ|) arising from the ferroelectric polarization charge density and that due to the mean inner potential of the nanoparticle. The ferroelectric polarization of the nanoparticle gives rise to a phase shift that is of the same order of magnitude as that due to the mean inner potential. The line plot in red shows the variation of the y component of the gradient at the center of the ellipsoid as a function of the aspect ratio. It can be seen that the gradient reaches a maximum value for τ = 51 corresponding to P el = 0.185 C/m 2 and then decreases again.
IV. DISCUSSION
As shown in the previous sections, by accounting for the effect of shape on the compensation of the depolarizing field of ferroelectric nanoparticles within a Ginzburg-Landau framework, we can estimate the resulting spontaneous polarization of the nanoparticle. As mentioned previously, typically the depolarizing field due to ferroelectric polarization is very high, and an individual nanoparticle cannot sustain spontaneous polarization unless its effective strength is decreased. The formalism presented here shows how the shape of the particle can help reduce the strength of the depolarizing field. For example, for the case of the ellipsoid discussed in the previous section, if we assume P el equal to the bulk value of 0.25 C/m 2 , then the maximum potential and the depolarizing electric field can be computed to be 11.6 V and 3.62 V/nm, respectively. If we consider an equal volume sphere that is uniformly polarized such that the total polarization charge density is the same, then the maximum potential and depolarizing field can be computed to be 156.9 V and 18.3 V/nm, respectively. A comparison of these numbers shows direct evidence of reduction in the depolarizing field due to elongation that can stabilize the polarization in uniformly polarized nanoparticles. These values are further reduced to 4.6 V and 1.44 V/nm, if we use the reduced P el = 0.10 C/m 2 derived based on the formalism presented here. With a triaxial ellipsoid as a model shape, we have shown a phase diagram indicating for which aspect ratio range the nanoparticle can sustain some degree of spontaneous polarization. This analysis can be thought of as the ferroelectric equivalent to the Stoner-Wohlfarth model for ferromagnetism [22] . From our results, it is clear that, unless an ellipsoidal nanoparticle is highly elongated, it cannot sustain a spontaneous polarization.
It should be noted that the origin of the phase shift is not directly due to the polarization of the nanoparticle, but is in fact due to the potential generated in and around the nanoparticle by the ferroelectric polarization charges. Hence, computing the gradient of the phase shift gives the direction of the local electric field and not the direction of the ferroelectric polarization itself. Also, as shown in the previous section, the gradient of the phase shift is maximized for a certain aspect ratio. This can be understood from the fact that for lower values of τ , the value of P el is small, resulting in a smaller phase gradient. For larger values of τ , the value of P el increases, eventually getting closer to the bulk value, but the poles are further apart from each other, again resulting in a smaller phase gradient. Thus, by identifying this behavior, a sample consisting of a suitable aspect ratio of nanoparticles can be used to maximize the signal obtained from them.
Using the same formalism, we can compute the spontaneous polarization of a uniformly polarized sphere, for which we obtain A d = 3.38 × 10 10 J m/C 2 ; this value is significantly larger than A for a BaTiO 3 nanoparticle, and, as a result, P np does not have a real solution for BTO. Thus, a uniformly polarized BTO sphere cannot sustain a uniform polarization, unless the depolarizing field is compensated by other mechanisms, such as screening charges. The same holds for other regular polyhedral shapes such as the cube, the octahedron, cuboctahedra, and so on. For such cases, it is necessary to account for the screening potential and then compute the net resulting potential, which can then be used to compute the electron phase shift. For the case of a uniformly polarized sphere, this can be achieved using a Thomas-Fermi framework to describe the screening potential [23] .
V. CONCLUSION
In conclusion, we have shown in this paper that in order to understand the origin of the electron phase shift due to ferroelectric nanoparticles, it is necessary to account for the effect of the depolarizing field. We have derived a formalism to determine the spontaneous polarization of nanoparticles using a combination of the Ginzburg-Landau framework and the shape function formalism to compute the depolarizing factors. We have analyzed the case of a triaxial ellipsoid, where we find that the polarization has a real solution only for high aspect ratios, and the resultant polarization value is smaller than the bulk value. Using this value, we have estimated the electron phase shift arising from the polarization charge density and shown that it is in a measurable range and of the same order of magnitude as the phase shift due to the mean inner potential. Additional simulations and modeling are necessary to determine the net potential and the polarization of other ferroelectric nanoparticle shapes, such as cubes, by accounting for the surface screening charges. Similarly, it is necessary to account for such screening effects when determining the phase shift from ferroelectric domain walls. Further work in this direction is in progress.
